With reference to two well known scenarios, we discuss, for nonclassical light, the competition between quantum and thermal effects. It is seen that for nonclassical light to be produced some amount of temperatureinduced disorder is needed plus quantum fluctuations of orderh squared.
I. INTRODUCTION
Nonclassical light is a subject of much current interest, with many fascinating applications (see Ref. [1] , and references therein). Thus, several branches of quantum optics, from nonlinear optics to laser physics and cavity quantum optics, are actively engaged in a variety of processes producing nonclassical light. Such radiation fields attract attention because they provide a platform for testing fundamental concepts of quantum theory and also for applications of importance, such as precision measurements in interferometry [2] . Moreover, rapidly developing areas of quantum computation and information theory have kindled further interest in generating and manipulating nonclassical radiation fields (we speak of quantum, continuous variable states). These states are promising candidates for many applications of quantum information technology [3] [4] [5] .
Generally, a nonclassical state is recognized as one which cannot be written as a statistical mixture of coherent states. It is accepted that the nonexistence of a well defined GlauberSudarshan P function [6] renders a given state nonclassical. However, this identification poses operational difficulties, as it requires complete information regarding the state to be examined (so that its P function can be reconstructed). Several operational criteria, equivalent to the one based on the P function, can be used to distinguish between classical and nonclassical states in experimental measurements and have been proposed from the early days of quantum optics. Such signatures of nonclassicality, verifiable in simple empirical settings are, for instance, antibunching [7] and sub-Poissonian photon statistics [8] , squeezing [9] , photon number oscillations [10, 11] , etc.
The aim of the present communication is to enter the above nonclassicality discussion by considering, as a main tool, the Mandel parameter. Two scenarios are envisaged:
(i) the Jaynes-Cummings model, and (ii) another in which disorder, as generated by temperature, competes with order, generated by molecular alignment. This opposition is provided an optical Kerr medium.
We start our presentation with a Mandel recapitulation in Sec. II. After some preliminary considerations in Sec. III, we present our Brief Report's contributions in Secs. IV, V, and VI. In the first case, via the treatment of the Mandel parameter for a Kerr medium, proceeding with the orthodox, quantum-statistical canonical description. Next, we address in Secs. V and VI the Jaynes-Cummings (JC) model without and with (VI) a Kerr-like term, so as to ascertain whether nonclassical light emerges in these two scenarios as well. Finally, we conclude in Sec. VII.
II. MANDEL PARAMETER
Our main protagonist is a convenient noise indicator of a nonclassical field, the so-called Mandel parameter, introduced by Mandel in Ref. [12] . It reads [13] 
closely related to the normalized variance (also called the quantum Fano factor F [14] ) F = ( n) 2 / n of the photon distribution.
(i) For F < 1 (Q 0), emitted light is referred to as subPoissonian since it has photo-count noise smaller than (ii) that of coherent (ideal laser) light with the same intensity (F = 1; Q = 0), whereas (iii) for F > 1, (Q > 0) the light is called super-Poissonian, exhibiting photo-count noise higher than the coherent-light noise.
Of course, one wishes to minimize the Fano factor. If for the photon number operatorn the fluctuations inn vanish, the Mandel parameter becomes Q = −1 (F = 0).
III. KERR EFFECT
Our main physical ingredient in this presentation is the Kerr effect, also called the quadratic electro-optic effect, discovered in 1875 by the Scottish physicist John Kerr. It refers to a change in the refractive index of a material in response to an applied electric field. Many materials exhibit a Kerr effect, but certain liquids display it more strongly than others. For an appropriate medium the difference in index of refraction, n, is given by
where λ is the wavelength of the light, K the so-called Kerr constant, and E is the strength of the electric field. The optical Kerr effect manifests itself temporally as a self-phase modulation, a self-induced phase and frequency shift of a pulse of light as it travels through a medium. Such process, together with dispersion, can produce optical solitons. In materials with high Kerr constants the molecules will tend to align with the applied electric field [16] . Thus, "order" can be said to augment. The Hamiltonian for this system iŝ
where the number operator isn =â †â , and the nonlinear coupling coefficient χ (a positive real quantity that characterizes the Kerr environment) is related to the Kerr medium third-order susceptibility [15] [16] [17] .
In a beautiful study [15] , it is shown that Kerr states exhibit Poissonian photon statistics and their Mandel parameter is identically zero. In order to modify this environment, Ref. [15] appeals to the concept of displaced Kerr states to produce sub-Poisson and super-Poisson statistics, depending on certain parameters that characterizing the displaced Kerr states. We readdress the question here by recourse to two alternatives, with a view to discuss also the order-disorder competition generated by the opposition: temperature vs Kerr interaction.
IV. QUANTUM STATISTICAL TREATMENT
The semiclassical approach allows one to see quantum effects of orderh only (see, for instance, Refs. [18, 19] , and references therein). Theseh effects are, however, not strong enough to yield negative values for the Mandel factor. Consequently, one needs to addh 2 (and higher order) effects to the theoretical discussion, which can straightforwardly be accomplished by any purely quantal treatment. Accordingly, we choose to work with the canonical strictures of quantum statistical mechanics.
Let |n be the eigenvector of the Hamiltonian (3), whose energy spectrum is ε n , defined as
We compute expectation values as follows:
and
where
is the partition function. Introducing now Eqs. (5) and (6) into Eq. (1), after some manipulations we finally find for the Mandel parameters the expression
where we have defined the probabilities ρ n as
Notice that if χ tends to zero we recover the Mandel parameter for the harmonic oscillator (HO). In fact, we have ρ
and performing the pertinent sums we arrive at
which is the well known HO expression for Mandel parameters. In our graphs we will employ the dimensionless temperature t = k B T /hω, with k B being Boltzmann's constant.
As illustrated in Fig. 1 , we achieve our sub-Poissonian goal. There exists a range of t and χ values for which Q negativity ensues. Contour curves in the t-χ plane are presented in Fig. 2 , and it becomes clear that finite t are needed for negative Mandel factors to ensue. Figure 3 plots the Mandel factor vs t for several Kerr strengths, while Fig. 4 is a zoom of the bottom left corner of Fig. 3 . These graphs permit a better visualization of the findings of Fig. 2 . Notice the curious fact that nonclassical light emerges after some finite values for both t and the Kerr strength are reached, that is, threshold values for both t and χ are detected.
V. JAYNES-CUMMINGS MODEL
Cavity quantum electrodynamics (cavity QED) deals with the interaction of atoms with a single electromagnetic field mode. Original references are, for instance, [20, 21] . A nice review is that of Ref. [22] . The JC model is a two-level system (consisting of states |g ,|e separated by an energy gaphω A ) and interacting with a single electromagnetic field mode. The pertinent Hamiltonian reads [22] 
whereĤ field =hωâ †â (13) describes a longitudinal quasimode in the cavity and (one chooses the x axis in such a way that there is a standing-wave node at x = 0. Accordingly, a sine appears in the decomposition)
V being the cavity volume and 0 the electric constant. Using Eq. (15) one obtains for the interaction energy in the dipole approximation the expression
where in the last step the rotating wave approximation (RWA) is appealed to. The coupling constant g is given by The Hamiltonian (12) in the RWA is the Jaynes-Cummings one. It is analytically solvable, which can be easily seen when restricting ourselves on the invariant subspace N = {|n + 1 |g ,|n |e }: HN ⊂ N , i.e., H is block diagonal. Exact diagonalization of the 2 × 2 blocks yields the eigenstates (dressed states)
with
The eigenenergies of these dressed states are 
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For simplicity, in our calculations we will consider the resonant case in which δ = 0. This implies ω A = ω. In this situation we have
the energy spectrum being
We can express expectation values as follows:
n (e −βE +,n + e −βE −,n )
where the partition function is
Reordering things, and after a bit of algebra, we can rewrite these mean values in the fashion
where in this case
which is to be compared to the probabilities (9)
∞ n=0 e −βhωn−βhχ(n 2 −n) , in order to appreciate the different manners in which the Kerr interaction and the cavity one modify the harmonic oscillator probabilities. The latter is rather a "hyperbolic" modulation while the first behaves as an actual interaction added to that of the HO. This is because if we deal with a decomposable Hamiltonian H = H A + H B , we expect the canonical probability distribution to be, up to a normalization factor, of the form
and only (9) is of such a form. Finally, introducing Eqs. (27) and (28) into the definition (8) and replacing ρ * n by ρ n , we arrive at the Mandel parameter's expression for the Jaynes-Cummings model. One has
In Fig. 5 we depict the Mandel parameter for the JaynesCummings model in terms of dimensionless temperature t for several values of the coupling constant g. The case g/ω = 0 corresponds to the harmonic oscillator model. In these curves we clearly see that, at some finite temperatures, the Mandel parameter is negative for appropriate g values and thus nonclassical light ensues.
VI. JAYNES-CUMMINGS MODEL PLUS KERR-LIKE TERM
Let us now add to the JC Hamiltonian a Kerr-like term, so that a new Hamiltonian ensueŝ
with eigenenergies
The relevant expectation values are found in similar way as previous section with a partition function
Also, these mean values are of the form
∞ n=0 e −βhωn−βhχn 2 cosh(βhg
Finally, introducing Eqs. (37) and (38) into the definition (8) and replacing ρ * * n by ρ n , we arrive at the Mandel parameter's expression
In Fig. 6 we show the Mandel parameter Q J CK in terms of dimensionless temperature t for several values of χ/ω. The coupling constant g/ω is fixed at 1.5. The case χ/ω = 0 corresponds to the pure Jaynes-Cummings instance illustrated in Sec. V. In these curves we clearly see that, at some finite temperatures, the Mandel parameter is negative for appropriate χ/ω values and thus nonclassical light ensues.
A. Illustration for T ∼ 1 K
Consider now temperatures low enough that phonon-related effects are not important. If g/ω = 1.5, and χ/ω = 0, one has Q J CK < 0 for approximately 0.05 < t < 0.20.
If χ/ω = 0.1, Q J CK < 0 in the interval 0.06 < t < 0.54. Thus, for instance, for a frequency f = 1 × 10 11 Hz (wavelength λ = 3mm), and using T = (hω/k B )t one has Q J CK < 0 in the interval 0.24
• K < T < 0.96
• K in the first case, and 0.29
• K < T < 2.59
• K in the second one.
VII. CONCLUSION
In this work we attempted to determine the conditions under which, at finite temperatures, nonclassical radiation may emerge. We deal with:
(i) a humble harmonic oscillator Hamiltonian to which we add a Kerr-ordering one,
(ii) a Jaynes-Cummings Hamiltonian, plus (iii) adding a Kerr-like term to the JC one. We were able to ascertain that nonclassical light is here the result of several factors:
(i) molecular alignment, or order, as represented by the Kerr effect,
(ii) finite temperature (i.e., disorder), since it is clear that at T = 0 we do not reach our sub-Poissonian goal.
(iii) inclusion in the theoretical discussion of fluctuations of orderh 2 and higher, sinceh effects alone are not sufficient. Surprisingly enough, some amount of disorder, as represented by a finite temperature, becomes indispensable so as to obtain nonclassical light in the cases here treated. This is the main result of this Brief Report. Nonclassical light arises as the joint collaboration of both quantum plus thermal fluctuations.
